Abstract-We introduce the first physical realization and demonstration of a sixth order degenerate band edge (6DBE) in a waveguide, that is a strong degeneracy of six electromagnetic guided modes. This exceptional point of sixth order occurs in a triple ladder (or three-way) microwave waveguide realized in microstrip technology. The coalescence of six eigenmodes is first theoretically demonstrated and then experimentally proven by observing the wavenumber -frequency dispersion diagram for a periodic microstrip waveguide. We also show the filtering characteristics of the periodic waveguide of finite length to highlight the important qualities of the 6DBE in terms of the transfer function and energy distribution. The 6DBE can be exploited in designing novel high-Q resonators, oscillators, filters, and pulse shaping devices.
I. INTRODUCTION
Degeneracy of order six in electromagnetic waveguides means that six eigenmodes coalesce and form a single degenerate mode. Here we imply that the degeneracy is in both wavenumbers and polarization states of the six eigenmodes in a waveguide, forming the so called 6DBE.
A particular class of exceptional points of degeneracy (EPD) in periodic structures is known as a degenerate band edge (DBE) where four eigenmodes in a periodic passive and lossless waveguide coincide at the band-edge [1] [2] [3] [4] [5] . The fourth order DBE has been shown in periodic layered media 1 , periodic transmission lines 6, 7 , metallic 4 and optical waveguides [8] [9] [10] . Experimental demonstration of the DBE has been shown in microstrip technology 3 , in a circular metallic waveguide 11 , and in an optical waveguide 9 . A strong resonance has been shown experimentally in Ref. 12 using a variation of the DBE, called split band edge. In Ref. 6 a double ladder periodic microstrip waveguide was introduced that exhibits DBE, and in Ref. 3 it was shown that such a structure exhibits higher quality factor and stability advantages associated with DBE resonance. In Ref. 13 , implementation of a three-way partially coupled microstrip waveguide using lumped elements was presented, demonstrating a stationary inflection point (SIP) associated to a real wavenumber, which is a special EPD of order three realizable in lossless waveguides. Here for the first time we propose a periodic waveguide implemented by three coupled microstrip lines, without the need of lumped element coupling, that exhibits a sixth order degeneracy (6DBE) in the wavenumber-frequency dispersion relation. This condition happens when six Floquet-Bloch modes (eigenstates) coincide at the center of the Brillouin zone, here intended with the wavenumber interval of (0, 2 / ) d π where d is the period of the waveguide. At a 6DBE the modal Floquet-Bloch dispersion is characterized by
where k is the FloquetBloch wavenumber, ω is the angular frequency, and / to 5, while 6 6 / 0 k ω ∂ ∂ ≠ . Here we have provided one of the simplest possible implementations (the only one in any physical realistic structure demonstrated so far), in terms of geometry simplicity, of the 6DBE in a microstrip three-way waveguide. This realization shown in this paper is based on a 6-port unit cell that is an extension of the 4-port unit cell circuit of lumped elements in Ref.
14 and of the 4-port unit cell microstrip line in Ref. 3 . Implementation in other waveguide technologies involving a three-way structure (i.e., three coupled waveguides) is possible as well. Note that in general terms of idealized propagation based on couple mode theory, a sixth order degeneracy was already discussed in Ref. 8 . The goal of this paper is to show for the first time a realistic waveguide geometry that exhibits the 6DBE at microwaves and to provide also its first ever experimental demonstration.
In section II the geometry of the unit cell of the periodic microstrip waveguide supporting a 6DBE is provided where the degeneracy behavior is shown in the modal dispersion diagram of the infinitely long periodic lossless structure. In section III the resonance behavior and filtering properties of a periodic waveguide with finite length made up of cascaded unit cells is investigated. In section IV the experimental verification of the 6DBE existence in the microstrip waveguide is provided by carrying out scattering parameters measurements on a single periodic unit cell. In its simplest form, to exhibit a sixth order EPD, the passive and lossless waveguide must be at least a three-way guiding structure (i.e., made of three coupled transmission lines) to allow for propagation of six independent eigenmodes. These 6 eigenmodes coalesce into a single mode at the 6DBE frequency d ω , by resorting to proper coupling and symmetry breaking in the three periodic waveguides. In Fig. 1 (a) the unit cell of such a three-way periodic waveguide is shown. For its characterization we define six microstrip electromagnetic "ports". The microstrip unit cell shown in Fig. 1(a) is implemented on a grounded dielectric substrate (Rogers RO3003) with thickness of 0.508 mm (20 mil), dielectric constant of 3, and loss tangent of 0.001. The patterned microstrip and ground conductor under the dielectric slab (ground plane) are made of copper with a thickness of 35 μm with conductivity of 5.8×10 7 S/m. In order to analyze and calculate the eigenmodes of the periodic waveguide, we use a transfer matrix formalism which is discussed in detail in Refs. [15] [16] [17] . In summary, mode propagation is described with a six-dimensional state-vector
, where T denotes the transpose operation,
are the voltage and current vectors that describe the voltages (referred to the ground) and currents in each of the three microstrips 18 . The evolution of this state vector from a coordinate z1 to z2 (from one unit cell to another) is then described by
, in which T is the 6 6 × transfer matrix 15, 16 obtained by knowing the characteristic impedance and the propagation constant of each microstrip segment. The six Floquet-Bloch eigenmodes in the form of exp( ) ikd where d is the length of the unit cell shown in Fig. 1(a) , supported by the periodic triple waveguide are then obtained by solving the eigenvalue problem det ( , ) 0
where 1 is the 6 6 × identity matrix, and we have assumed an implicit time convention exp( ) i t ω − . The dispersion diagram, which is the relation between the applied frequency and the Bloch wavenumbers in an ideal, i.e. lossless, and infinitely long periodic structure, is depicted in Fig. 1(b) . The dispersion diagram is obtained by evaluating the eigenvalues ikd e derived from the transfer matrix of the three-way waveguide unit cell at each frequency, and then converted to Bloch wavenumbers. The transfer matrix is obtained from the 6 6 × S-parameters matrix for the 6-port unit cell. At the 6DBE frequency of 2.95 GHz, one can observe that six curves coalesce (some curves represent two modes, denoted by a light-blue circle) and the dispersion relation is locally characterized as
, where h is a parameter that defines the flatness of the dispersion near degeneracy frequency of / (2 ) 2.95 GHz
Based on the real and imaginary branches of the dispersion diagram shown in Fig. 1(b) , no mode can propagate in a frequency range just above d other cutoff conditions occur but are not discussed in this paper since they do not exhibit a sixth order degeneracy. In the structure composed of the three-way unit cell of Fig. 1(a) , working at a frequency near the 6DBE frequency, interesting features are observed such as "giant" resonance, enhanced quality factor and the unique energy distribution inside 6DBE cavity, in analogy to what was observed in waveguides with a fourth order DBE 1, 5, 17, 18 . The 6DBE condition is manifested when the transfer matrix T is "defective" and a complete basis of eigenvectors cannot be found 19, 20 . The 6DBE is obtained by properly choosing the coupling between the three coupled waveguides (TLs), and it can be shown that the six independent eigenvectors coalesce into a single degenerate eigenvector. This degeneracy occurs if, and only if, the transfer matrix, T is similar to a 6 6 × Jordan canonical matrix form as discussed in Refs. 3, 10 .
III. RESONANCE OF PASSIVE CASCADED STRUCTURE
We observe the resonance of a passive waveguide made of a finite number of cascaded unit cells shown in Fig. 1(a) . The 6DBE analyzed in the previous section assumed an infinitely 
long periodic waveguide. A resonator made of a finite-length waveguide with unit cells as in Fig. 1(a) exhibits its resonance, called 6DBE resonance, at a frequency close to d f . Such resonance exhibits some interesting and unique properties shown in Ref. 5 , such as high quality factor and its scaling with the resonator length and the distinctive energy distribution inside the finite-length cavity, which are beneficial in oscillator, sensing and pulse shaping applications 17, 21, 22 . Fig. 2(a) shows the finite-length waveguide made of N cascaded unit cells. The more unit cells there are in the finite-length structure, the closer the 6DBE resonance is to d f and the sharper it gets. Since realistic microstrip waveguides are lossy, due to metal and dielectric losses (and radiation losses), a trade-off must be made when choosing the number of unit cells N. In order to investigate the resonance behavior and filtering properties of the proposed finite-length three-way waveguide, fig. 2(b) shows the transfer function TF5,2 defined as the ratio of voltage measured at the 50 Ω load at Port 5 over the voltage value at Port 2, near the 6DBE frequency d f for a microstrip waveguide made of N=8 unit cells, for the lossless and lossy cases. All the other four ports are shorted through a via to the ground plane. Full-wave simulation results, are based on the Method of Moments implemented in Keysight ADS. In the following discussion we concentrate on the periodic waveguide with N=8 because it provides a balance between losses and proximity of 6DBE resonance to the ideal 6DBE frequency. The transfer characteristics help us to determine the resonance behavior of the finite-length waveguide. When adding unit cells the effect of losses smooths out the transmission peak. Fig. 2(c) shows the voltage distribution inside the 8 cell resonator. Energy and current distribution have similar shape. The energy is sampled at each node n shown in Fig. 2(a) , for each of the 3 TLs, when the structure is excited by 1 V voltage source at Port 2, while all of the other ports are grounded. From the figure, we see that most of the energy is concentrated around the center of the structure, in particular in the lower TL, i.e. the microstrip that is between Port 3 and Port 6 shown in Fig. 2(a) , having the highest magnitude. This unique energy distribution implies that anything connected, like a loading resistor, at the edges of the periodic waveguide, will have very little effect on the rest of the structure. This energy distribution is analogous to that obtained in resonators having second or fourth order DBE 23, 24 . This physical property has been found useful in conceiving new regimes of oscillation and the voltage distribution provides the information of where an active device can be placed to have the greatest impact 21 . It also demonstrates the "slow light" effect associated with DBE, where the energy is trapped inside the cavity at a frequency near ωd 23 .
IV. EXPERIMENTAL VERIFICATION OF THE 6DBE IN PERIODIC MICROSTRIP CIRCUIT
In this section, the experimental verification of the existence of the sixth order EPD in the microstrip three-way waveguide in Fig. 1(a) is presented. The measured dispersion diagram, along with the full wave simulation results are shown in Fig.  3(b) displaying good agreement. The dispersion diagram shows the six coalescing modes at / (2 ) 2.95 GHz
The measurement results were obtained by measuring the scattering parameters of the unit cell shown in Fig. 3(a) using a four-ports Rohde & Schwarz ZVA67 Vector Network Analyzer (VNA). The 6 6 × S-parameters matrix was acquired by only using 2 ports of the VNA in the following way. Port 1 of the VNA is connected to port m of the unit cell while, port 2 of the VNA is connected to port n of the unit cell while the four other ports are terminated by a 50 Ω load, to measure S(m,n) (as well as  S(n,m) ). Once the 6 6 × S-parameters matrix is constructed, we obtained the 6 × 6 transfer matrix T from which the Bloch wavenumbers are solved for (as described previously). The wavenumbers for both the measured and simulated results are plotted versus frequency to obtain the dispersion diagram shown in Fig. 3(b) . These results show some perturbation and deviation from the ideal degeneracy condition (flat dispersion diagram at 6DBE frequency) in Fig. 1(b) . This is due to the ohmic, dielectric and radiation losses of the waveguide. In fact from the measured results, it is evident that the 6DBE phenomena is sensitive to perturbations caused by losses, fabrication process and other factors. If one is able to limit Fig. 1(b) because of losses.
